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Abstract-This paper presents a method for fracture analysis of a general two-dimensional system
containing multiple holes, or voids, and cracks. The superposition technique is used to break the
problem into a number of single-hole and single-crack problems. Each hole problem is modeled
using the method of pseudo-tractions, and each crack problem is modeled by a distribution of
dislocations. An integral equation approach is developed, based on two types of fundamental
solutions, one due to point loads in a solid with a hole and the other due to point dislocations in
an infinite elastic body. The resulting integral equations present Cauchy-type singularities only on
the crack part of the multiple hole--crack problem. The results in terms of stress intensity factors
(SIFs) are presented for a variety ofhole-and-crack arrangements, relative sizes ofcracks and holes,
spacings and crack orientations. The amplification and retardation effects on SIFs are investigated.
It is found that the hole--crack arrangements have significant effects on the nature of the amplification
or retardation. In the fractured porous elastic medium (modeled as a crack surrounded by holes),
amplification or retardation can occur, depending on the relative size of the holes and cracks and
the spacing between them. Very strong retardation exists as the spacing becomes small. Some
optimal retardations (void toughening) are achieved by adjusting the geometry parameters. An
array of periodical crack-hole structure is examined as a numerical example.

I. INTRODUCTION

Many brittle materials, such as rocks, ceramics and intermetallics, have a pre-existing
subscale flaw structure in the form of voids, cracks, and other inclusions. Accurate pre­
diction of the explicit fracture response of these materials would require an accurate
accounting of the growth of the voids and cracks and their interactions. Many observed
nonlinear phenomena in brittle materials are the result of initiation, growth, interaction
and coalescence of voids and cracks. For example, the initial stable growth of microcracks
is found to be associated with strain-hardening stress-strain behavior, and the interaction
and coalescence of cracks are relevant to unstable strain-softening stress-strain behavior
(Hallbauer et al., 1973). Both strain-hardening and strain-softening behavior exhibit
dilatation as a result of extensible void and crack growth (McMeeking and Evans, 1982;
Budiansky et al., 1983). Also, experiments have shown that the average length of the cracks
is reduced at higher confining pressures, promoting the transition from brittle to semi-brittle
behavior (Fredrich et al., 1989).

Based on microstructure-derived moduli for fractured solids (Budiansky and O'Con­
nell, 1976; Horii and Nemat-Nasser, 1983), various researchers have developed continuum
damage micromechanical models for brittle materials (Kachanov, 1982; Sumarac and
Krajcinovic, 1987; Ju, 1991). These models are attractive because they express the loss of
moduli in terms of evolution of the microstructures and, consequently, they do not involve
to-be-determined material parameters. One important aspect of these models is that even
though they are based on linear fracture mechanics, nonlinear stress-strain relations can
be predicted due to the growth, interaction, and coalescence of the voids and cracks in
an otherwise linear-elastic solid (Kemeny and Cook, 1986). Although the quantitative
experimental verification of these micromechanical models is extremely complicated, the
incorporation ofa damage evolution law into the detailed fracture mechanics analysis seems
very promising. This will not only provide detailed local behavior, such as stress intensity
factors, but also has the potential to obtain the global stress-strain behavior. Using a unit
cell approach (Hu et al., 1992; Huang et al., 1992), this may be obtained by modeling only
a finite number of defects. Such global stress-strain responses of damaged bodies can be
utilized for quantitative verification of various micromechanical models.
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This paper focuses on a general approach to such detailed local behavior analySIS for
systems containing multiple voids and cracks. To simplify the analysis, the voids arc
assumed to be circular holes and cracks are assumed to be one-dimensional line slits. The
problem of cracks extending from the edges of a circular hole was solved by Bowie (1956)
using a mapping function method. The hole-crack-hole problem was examined by New­
man (1969) using a collocation method. The problem containing holes and/or cracks was
studied by Isida and his co-workers [see, for example, lsida (1970a, b. 1973), Isida e! al.
(1985), Isida and Nemat-Nasser (1987), and Isida and 19awa (1991 )]. The problems involv­
ing cracks and a single circular void, as well as interactions among voids. were also
considered by Atkinson (1972), Erdogan et al. (1974), and Chen (1984a, b. 1985). The
problem involving several cracks has been considered by several researchers and the results
can be found in the stress intensity factor handbooks (Sih. 1973; Tada ('f 01.. 1985). In
recent years, multiple-crack-related micromechanical analysis has become an area of
research interest (Horii and Nemat-Nasser, 1985; Kachanov and Montagut, 1986;
Rubinstein, 1986, 1990; Chudnovsky et al.. 1987a,b; Hori and Nemat-Nasser. 1987;
Kachanov, 1987; Hu and Chandra, 1992). Analysis of hole-hole interactions using the
pseudo-traction concept was also included in the work by Horii and Nemat-Nasser (1985).
Their formulation for the void-void interaction problem is quite general and is applicable
to a nonsymmetric structure containing voids of different sizes and subject to various
boundary conditions. Also, a three-dimensional void-void interaction was studied by Rodin
and Hwang (1991).

This paper presents an approach to modeling a general system containing multiple
interacting holes and cracks. The superposition technique is used to divide the system into
a homogeneous problem (the one without holes and cracks) and two sets of subproblems.
each subproblem containing either a single hole or a single crack. Modeling the holes as
unknown pseudo-tractions on the hole surfaces (Horii and Nemat-Nasser. 1985) and the
cracks as an unknown distribution of dislocations renders the problem a set of integral
equations. For this purpose, two types of fundamental solutions are utilized. i.e. point loads
acting on the surface of a hole in an infinite body and point dislocations applied to an
infinite body. The resulting integral equations present Cauchy-type singularities only in the
kernels associated with cracks and present no singularities in the kernels associated with
holes. This feature is attributed to the delta-function nature of the fundamental solution.

The results in terms of stress intensity factors (SIFs) obtained from the present analysis
are first verified against existing solutions involving holes and cracks. The amplification
and retardation effects on SIFs due to interactions among various distributions of holes
and cracks are then investigated. The geometries are grouped as the pattern of the hole­
and-crack arrangement, relative sizes of the cracks and holes, spacings, and crack orien­
tations. The pattern of the holc-and-crack arrangement has significant effects on the nature
of the amplification or retardation. It is found that in the fractured porous elastic medium
(modeled as a crack surrounded by holes). amplification or retardation can occur, depending
on the relative size of the holes and cracks and the spacing between them. Very strong
retardation exists as the spacing becomes small. Some optimal retardations are achieved by
adjusting the geometry parameters. An array ofperiodical crack··hole structures is examined
as a numerical example.

2. MODELING OF MUILTIPLE INTERACTfNG VOIDS AND CRACKS

2.1. Problem statement
This section concerns the formulation of integral equations for a two-dimensional

system containing a finite number ofnonintersecting circular voids and cracks. Specifically,
consider an infinite solid containing M arbitrarily oriented cracks and N circular voids, as
shown in Fig. l. Let (x,Y) be the global Cartesian coordinates. Let R(j) be the radius of the
jth void, (x~j), y~j)) be the coordinates of its center, aU) and cj>U) be the half-length of the
ith crack and its orientation angle with respect to the x-axis, and (x~l), y~l) be the coordinates
of the ith crack center. Denote the local polar coordinate system associated with the jth
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Fig. 1. Geometric description of the original problem.
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void by rUl and (JU), and the local coordinates normal and tangential to the ith crack by s(i)
and t(i). The infinitely extended body may be subject to an arbitrary set of external loads
(including quasi-static thermal loads). The boundary conditions for the surfaces of the
holes and cracks are traction free (crack closure is neglected), giving

(J~~) = 0, (Jl~) =° for all cracks, i = I, 2, .... , M,

(J~P = 0, (J~6) =° for all voids, j = 1,2, .... , N.

We shall refer to the above-described boundary value problem as the original problem.

(1)

(2)

2.2. Superposition
The solution of this original problem is obtained by superposition of a homogeneous

problem and a number of perturbed subproblems. In the homogeneous problem, an infinitely
extended body without any voids and cracks is subjected to the same remote applied stresses
as used in the original problem. The perturbed subproblems are divided into two groups.
The first group consists of N subproblems associated with N holes. Each subproblem in
this group concerns a single hole in an infinite body, subject to an unknown distribution of
tractions on the hole surface but zero stresses at infinity. The unknown distributed tractions
are called pseudo-tractions in the work by Horii and Nemat-Nasser (1985). The second
group consists of M subproblems associated with M cracks. Each subproblem in this group
concerns a single crack in an infinite body, subject to zero remote stresses. As in many crack
problems, each single crack is modeled as an unknown distribution of dislocations along
the crack line. Denote the unknown normal and tangential distributions of tractions on the
jth hole by p~j) and lif) and the unknown normal and tangential distributions ofdislocations
on the ith crack by b~i) and bVJ. This decomposition of the original problem into a homo­
geneous problem and two groups ofsubproblems is illustrated in Fig. 2. The aforementioned
unknown distributed tractions on each hole and dislocation densities on each crack will be
determined in such a way that the traction-free conditions at all presumed locations of hole
and crack surfaces are satisfied.
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Fig. 2. Illustration of the superposition.

2.3. Fundamental solutions

Based on the superposition observations, two types of fundamental solutions are
required for the current analysis. The first fundamental solution is for the problem of a
hole in an infinite body, subject to a point force of components Px and Pv acting at a point
on the hole surface, say, (c, 0), with c being the radius of the hole. The stresses at any point
(x,y) are (Dundurs and Hetenyi, 1961; Hetenyi and Dundurs, 1962)

I
<Jt(x,y; c) = 2n(1 +K) Hijk(X,y; C)Pb i, j, k = x,y, (3)

where G is the shear modulus K = (3 - 4v) for plane strain, K = (1- v)/(I - 2v) for gener­
alized plane stress, and v is the Poisson's ratio. A summation to x and y over the repeated
indexes is implied.

The second fundamental solution deals with the problem ofan infinitely extended body
subject to a point dislocation of components (b" by) acting at a point, say, (~, 0). The
stresses at any location (x,y) can be expressed as [see, for example, Read (1953)]

(4)

The first fundamental solution shown in eqn (3) can also be obtained from the analysis
of Muskhelishvili (1953) by reducing an ellipse to a circle and distributed tractions to a
concentrated force. Alternatively, one can also derive it from the analysis of Chen (1985).
The second fundamental solution for a point dislocation in an infinite body may also be
derived from the complex variable approach ofCheung and Chen (1987). For completeness,
details of both the fundamental solutions, H ijk (= H jik ) and I ijk (= Ijid, are given in the
Appendix.

It is important to note that the stress fields in eqns (3) and (4) contain a singularity of
the order of r as the field point approaches the source point (r being the distance between
the field point and source point). Of particular interest are the limits of the following
quantities, which have the nature of a Dirac-delta function (Dundurs and Markenscoff,
1989):
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I
2n(I+K) Hxxx(x,y;c) -4t>(y) as (x_C)Z+y2 -40,

I Z Z
2n(I+K) Hxyy(x,y;c)-4t>(y) as (x-c) +y -40.
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(Sa)

(Sb)

This feature of the fundamental solution will be used later to formulate the integral
equations, avoiding any evaluation of singular integrals along the hole surfaces.

2.4. Integral equations
Let us now consider the effects ofall cracks and holes on the m th crack. For consistency,

the stress fields associated with different cracks and voids are transformed to the local
tangential-normal (t(m), s(m» coordinate system for the mth crack. For example, the stress
fields associated with the ith crack may be transformed as

a~~) = a~:) sinz (J(mi) - 2a~~) sin (J(ml) cos (J(mi) +ass cosz (J(ml) ,

a):') = [a~? -a);)] sin (J(mi) cos (J(ml) +u)nCOS2(J(mi) - sinz(J(mi)],

(6a)

(6b)

where a):), a)~) and a~? are typical stress fields expressed in the ith crack tangential-normal
coodinate system and (J(mi) is the angle between axes t(i) and t(m).

The contributions of all M cracks to the stress field at the presumed location of the
mth crack are now represented by their corresponding distributed dislocations. Similarly,
the contributions from all N holes are represented by their corresponding distributed
tractions. Summing the effects of all cracks and holes on the mth crack and imposing
traction-free conditions, we get

+JI f" [K13 (t(m), (J(j»p~j)«(J(j» + K I4 (t(m), (J(j)p~j)«(JU»]RU) d(J(j)

+u~~o)(t(m» = 0, m = 1,2, ... ,M, (7a)

and

+jtl f" [KZ3 (t(m), (J(j»p1fl«(JU» +K 24 (t(m) , (JU»py) «(JU»]R(j) d(JU)

+ (mo)(t(m» - ° -12M(lts - , m - , , ... , , (7b)

where bf)(t(i» and W)(t(I) are the unknown tangential and normal distributions of the
dislocations over the ith crack, p1jl«(JU» andpV)«(JW) are the unknown tangential and
normal distributions of the tractions over the jth hole, and a~O) and a)~O) represent the
stress components at the location of the mth crack, but in the absence of all cracks and
holes, i.e. the stress components resulting from the homogeneous solution. The kernels K11­

K Z4' depending on H ijk or IUk ' can be expressed in terms of two bracketed arguments as
follows:

K11 (t(m), t(l) = Ixxx sinz(J(mi) +Iyyx cosz (J(mi) - 2Ixyx sin (J(mi) cos (J(mi) ,

K IZ (t(m) ,t(l) = Ixxy sinz (J(mi) +Iyyy cosz ()(mi) - 2Ixyy sin ()(mi) cos (J(mi) ,

(8a)

(8b)
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K I3 (r<m), (J(j) = Hxxy sin2 (J(m}) + Hyyy COS2 (J(m}) - 2Hyyy sin (J(mj) cos o(m;), (8c)

K J 4 (t(m), O(j) = H.ux sin2 o(m}) + H yyx cos2 o(m}) - 2Hyvx sin o(m}) cos o(m}), (8d)

K 2 I (t(m) , t(i) = IxyAcos2 o(mi) - sin2 O(mi» + (In-x - lux) sin (J(mi) cos (J(m;) , (8e)

K 22 (t(ml, t(i) = Ixyy(cos2 8(mi) -sin2 8(m/) + (lIT,. - lu.V> sin 8(mi) cos 8(mi), (8f)

K 23 (t(m), t U » = HXyy(cos2 (J(m}) -sin2 o(mj » + (HyVV - H uy) sin o(m}) cos o(mjl, (8g)

K 24 (t(m) , t U » = HXyx(cos2 8(m» - sin2 8(mn)+ (H
Y
•n - H ux) sin o(mncos o(m}) , (8h)

where

8(mi) = </J(m) - </J(il,

o(m}) </J(m) - OU),

with x, y and ~ being substituted as

x = r~mi) cos (8~mi) - </J(i» + tIm) cos 8(mi),

y = r~mi) sin (8~mi) </J(i) + tIm) sin 8(mi) ,

(9a)

(9b)

(10)

(lla)

(lIb)

( lIe)

Here, r~mi) is the distance between the centers of the mth and fth cracks and 8~mi) is the angle
between the x-axis and the line connecting the centers of the mth and fth cracks. Finally,

with x, y and c being substituted as

x = dm!) cos (8~mj) - OU» + tim) cos (</J(m) - aU»,

y = r~nj) sin (o~m}) - aU» + tim) sin (</J(m) aU»,

c = RU).

(12)

(13a)

(l3b)

(I3c)

Here, r~mj) is the distance between the centers of the m th crack and the jth void and egn}) is
the angle between the x-axis and the line connecting the centers of the mth crack and the
jth void.

Although eqn (8) for Kij is lengthy, Kij carries distinct physical meaning. For example,
K J J (t(m), t(/) represents the normal stress (Jss (in the local coordinate system of the m th
crack) at a particular point tim) on the mth crack due to the tangential component (in the
local coordinate system of the fth crack) of the dislocation at a particular point t(i) on the
fth crack. Similarly, other Kijs may also be interpreted.

It should be noted that the integrals along the holes (the second term) in eqns (7a) and
(7b) are regular, however, the integrals along the crack (the first term) are of Cauchy-type
singularity.

The boundary conditions for the voids are considered next. We focus on the mth void.
By the same reasoning as for the cracks, the effects of all cracks and voids on the mth void
can be added in the integral sense. After transformation to the local polar coordinates of
the mth void is performed and traction-free conditions are imposed, we get
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M (2rr
+ j~! Jo [Kd8(m), 8(j»)pil) (8U») +K34(8(m), 8U»)pY)(8U»)]RU) d8(j)

j~m
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and

N (2"
+ j~l Jo [K43 (8(m) , 8U»)pil) (8(j») +K 44 (8(m), 8U»)p~j)(8(j»)] RU) d8U)

j~m

+(j~eO)(8(m») = 0, m = 1,2, ... , N, (14b)

where the kernels K 3 ! and K 44 can be given as follows:

K (8(m) t(i)) = I cos2 8(mi) +I sin2 8(mi) +21 sin 8(mi) cos 8(mi) (15a)31, xxx yyx xyx ,

K
32

(8(m), t(i)) = Ixxy cos2 8(mi) + Iyyy sin2 8(mi) +2I.w sin2 8(mi) cos 8(mi), (I5b)

K
33

(8(m),8(j)) = Hxxy cos2 8(mi) +Hvyy sin2 8(mi) +2Ixyy sin 8(mj)cos 8(mj), (I5c)

K
34

(8(m),8(j») = Hxxx cos2 8(mj)+Hyyx sin2 8(mj)+2Ixyx sin 8(mj)cos 8(mj), (15d)

K
4
!(8(m), t(i)) = IxyxCcos2 8(mi) -sin2 8(mi)) + (Iyyx - Ixxx) sin 8(mi) cos 8(mi>, (I5e)

K (8(m) t(i») = I (cos2 8(mi) - sin2 8(mi)) + (I - I ) sin 8(mi) cos 8(m;) (15f)42, xyy yyy xxy ,

K 43 (8(m), t(j») = H.'Yy(coS2 8(mj)-sin2 8(mj)) +(Hyyy - Hxxy) sin 8(mj)cos 8(mj), (15g)

K
44

«(J(m), tU») = HXyxCcos2 (J(mj)-sin2 o(mj») + (Hyyx - Hxxx ) sin (J(mj) cos o(mj). (I5h)

Here

(J(mi) = 8(m) - 4>(i) ,

o(mj) = o(m) _ oU) ,

and

with x, y and ebeing substituted as

x = r~mi) cos (8~mi) - 4>(;)) +R(m) cos (O(j) - 4>(i»),

y = r~mi) sin (o~mi) -4>(i») +R(m) sin (OU) - 4>(i») ,

e= t(i).

(I6a)

(16b)

(17)

(I8a)

(I8b)

(I8c)

Here, rti) is the distance between the centers of the mth void and ith crack and o~mi) is the
angle between the x-axis and the line connecting the centers of the mth void and ith crack.
Finally,

(19)

with x, y and c being substituted as
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x = r~mi) cos «(}~mf) - (}Ii») +R 1m) cos (81m) OW),

y = r~mj) sin (O;.mjl O(j)) + R(m) sin (Olm) - 0(;»),

c=R(i).

(20a)

(20b)

(20c)

Here, r~mj) is the distance between the centers of the m th and jth voids and 8~,jl is the angle
between the x-axis and the line connecting the centers of the mth and jth voids.

In deriving integral eqns (l4a) and (l4b), the Dirac-delta function nature of the
fundamental solution [eqns (Sa) and (5b)] is used. It is noted that the integrals in eqns (14a)
and (l4b) do not involve any singular part due to the use of this nature of the fundamental
solution.

2.5. Side conditions
The side conditions rendering the problem determinate are required. The single­

valuedness condition of the displacement vector requires that the dislocation density
functions along each crack satisfy the following relations:

i = 1,2, . .. ,M, (2Ia)

(21 b)

Horii and Nemat-Nasser (1985) also present a constrained condition that warrants the
equilibrium state for the pseudo-tractions on each hole. Such a condition in the current
analysis is automatically satisfied implicitly in eqns (14a) and (14b). To illustrate this,
multiply eqn (15a) by Rim) cos 8(m) and eqn (l5b) by R(m) sin o(m), integrate over the mth
hole, and subtract the two resulting equations. We immediately have the resultant force in
the x-direction:

P, = en [p~")(o(m») cos 8(m) _ p~")(8(m)) sin Olm)] d8(m) 0
Jo

(22)

since the integral of the other three terms over the closed contour is identically zero, via the
divergence theorem (assuming no body forces).

Equations (7), (14) and (21) now provide an integral equation representation of
interactions in a general system of M cracks and N voids. It is noted that the equilibrium
equations of the stress state at any internal point are exactly satisfied through the nature
of the two fundamental solutions. The traction-free conditions presented in eqns (7) and
(14) will have to be satisfied through a numerical discretization.

2.6. Numerical solution and stress intensity factor
The integral equations (7) and (14) are of Cauchy-type singularity only in the kernels

associated with dislocations. It is important to note that the kernels associated with hole
tractions present no singularity in the integral equations, even though a singular fun­
damental solution is used. This advantage is attributed to the Dirac-delta function nature
of the fundamental solution. The system of singular integral equations may then be solved
following an effective numerical technique proposed by Erdogan et al. (1973). After solving
these equations, all the desired field quantities, such as stresses and strains, may be evaluated
by means of definite integrals with appropriate kernels. Since the main interest of this paper
is in the fracture analysis, the numerical results will be presented only for the stress intensity
factors. The stress intensity factors are evaluated from the solved dislocation densities
following an interpolation formula given by Krenk (1975).
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3. NUMERICAL RESULTS

Application of the proposed integral equation formulations to several example prob­
lems involving interactions of voids and cracks is presented in this section. The integral
equation formulation can handle arbitrary distributions of cracks and holes of different
sizes, along with general loading conditions, in the context of elasticity. In this section, the
numerical results from the proposed integral equation formulation are first verified against
existing solutions in the literature. Problems involving general systems of holes and cracks
are addressed next. In particular, various geometries are investigated to show the effects of
the distributions of orientation, position and size of voids and cracks on the stress intensity
factors. The implications of void-erack interactions for the amplification and retardation
of the stress intensity factor are examined. The numerical results show that in the fractured
porous elastic medium (modeled as a crack surrounded by holes), amplification or retar­
dation can occur, depending on the geometry. Stress retardations at the crack tips prevail
when a crack is in close proximity to voids (this retardation is, of course, at the price of
high-stress concentrations in the neighborhood of voids). A good retardation can also be
achieved by varying the relative positions of cracks and holes. These observations have
important applications to underground excavations, where the proper layout of under­
ground workings can be used to control the propagation of pre-existing cracks in rock
masses.

In the following presentation, the reported stress intensity factors (SIFs) are always
normalized with respect to those of a single crack in an infinite plane subject to physical
loading.

An infinite plane with a crack aligned along the center of a hole, subject to a remote
tensile stress perpendicular to the crack is considered in Fig. 3. Assuming the radius of the
hole is equal to the half-length of the crack (R = a), the SIF dependence on tla (t is the
separation between the hole and crack) agrees very well with those obtained by Isida (1973).
It should be noted that perturbation of SIFs due to the hole becomes very small when the
separation becomes greater than the crack length (tla > 2).

Figure 4 shows two circular voids of radius R (Ria = 1) spaced apart by a crack of
length 2a perpendicular to the centerline of the holes, subject to uniaxial tension. The
retarded SIF variation with the separation tla is verified against those obtained by Newman
(1969). Contrary to what is observed in Fig. 3, significant retardation in normalized SIFs
to 0.66 is seen when the separation is equal to 2a. Therefore, one should be cautious about
drawing a borderline beyond which the interaction can be neglected to the calculation of a
certain geometry.

4.2

3.8

3.4
VI
U.

Ci5
'C
CIl

.!::!
(ij 2.6

E
0
Z 2.2

1.8

1.4

near tip K I ---­

far tip K I • - - - - - - - .

Isida (1973) •

tttttttttt

..... -.
-._~-~-.-.-.----------------------- -

0.4 0.8 1.2 1.6 2.4

l/a
Fig. 3. Variation of the normalized SIFs of a crack aligned along the center of a hole with the

separation, tla, of the crack tip and the hole.
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Fig. 4. Variation of the normalized SIFs of a crack perpendicular to the centerline of two holes with
the separation. I/o. of the crack tip and the hole.

Figure 5(a) shows an infinite plane with a hole and a crack subject to a far-field tension
perpendicular to the line connecting the centers of the hole and crack. We take the case
where R = a and d = 2.2a. Figure 5(b) shows that the variation of SIFs with the crack
orientation is significantly modifed due to hole--crack interaction when compared to the
case of an infinite plane with only a single crack. The near-tip and far-tip Mode-II SIFs are
relatively stable for crack orientation angle rJ. between 20° and 60°. The Mode-I SIFs change
from maxima of 2.19 and 1.22 to 0.2 and 0.2, respectively, at far and near tips as the crack
changes from the horizontal (rJ. = 0°) to the vertical (rJ. = 90°) position. It is noted that the
nonzero value of the SIF at a = 90 0 is entirely due to the void--crack interaction.

The inset in Fig. 6 shows an infinite plane with a crack parallel between two holes,
subject to a far-field tension perpendicular to the crack. We take the case where R = a and
d = l.4a. The variation of SIFs with the distance between the center of the crack and the
line connecting the centers of the holes is shown in Fig. 6. The near-tip Mode-I SIF decreases
from 0.45 to a minimum value of0.14 as tla moves up from 0 to 0.5a. After that, it increases
to a maximum value of 1.32 at t = 2.5a, then starts to decay to 1.0, where there is no hole­
crack interaction. The far-tip Mode-I SIF varies differently. It increases from 0.45 to a
maximum value of 1.32 as tla increases from 0 to 1.50, and then starts to decay to the stable
value in a fashion similar to the near-tip SIF.

The inset in Fig. 7 shows an infinite plane with two unequal holes and a crack aligned
along the centers of the holes, subject to a far-field tension. We take the case where R 1 = a

and t = 0.2a. The variation of Mode-I SIFs for two tips with the size of the hole (R 2Ia) is
shown in Fig. 7. The right-hand-tip Mode-l SIF increases nonlinearly as the hole size
becomes bigger (the stress intensity factor changes from 1.23 to 3.45 as R 21a increases from
O.la to 6a). The left-hand-tip Mode-I SIF, however, increases almost linearly as the hole
size increases (the stress intensity factor changes from 1.79 to 3.3 as R 21a increases from
O.la to 6a).

The inset in Fig. 8 shows four symmetrically distributed holes surrounding a crack
subject to a field tension. We take the case where Ria = I and dla = 3. The variation of
Mode-I and -II SIFs with the crack orientation angle rJ. is shown in Fig. 8. AtrJ. = 0, the
horizontally aligned holes tend to amplify the Mode-I SIF, while the vertically aligned holes
tend to retard the SIF. For the chosen geometrical parameters, retardation prevails, giving
a Mode-I SIF value of 0.84 at rJ. = 0'. The Mode-I SIF decays from 0.84 to 0.36 as the
crack rotates from the horizontal position (a = 0') to the angle a = 61'. The Mode-I SIF
assumes a stable value of about 0.36 as the orientation angle a changes from rJ. = 61' to the
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vertical position (ex = 90°). The Mode-II SIF increases from 0 at the horizontal position
(ex = 0°) to a maximum value of 0.19 at a = 37° and then reverses to 0 at IY. = 90°.

A further example of a crack surrounded by a square array of holes is shown in Fig.
9. This configuration can be regarded as an approximate model of a fractured porous
medium. The normalized Mode-I SIF can be expressed in terms of two nondimensional
parameters A and 6, i.e.

Kj = F(A,6),

where

• d
A = - and

R
a

b =--~.
d-R

The numercial values of the function F(A, 0) for various combinations of ). and 6 are given
in Table 1. The results show that the smaller values of A and 6 facilitate the retardation
while greater values of Aand 6 favor amplification. Both of them are the results of stronger

806020 -to

Angle Q1(degree)

Fig. 8. Variation of SIFs with crack orientation for a crack surrounded by four symmetrically
distributed holes.
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Fig. 9. Schematic diagram of a crack surrounded by a square array of holes.

interactions. It should be noted that either retardation or amplification can occur, depending
on the relative size of the holes and cracks and the spacing between them. For a fixed value
of Ii. (Ii. > 0.4), a certain () yields the maximum Mode-I SIF. For example, () = 4 gives the
maximum SIF value of 1.138 for tl = 0.7. The retardation is very strong as the spacing
becomes small. The near-zero value of the SIF is observed for 0 = 2 and Ii. < 0.5. We have
not been able to obtain convergent results for 0 = 2 and tl ~ 0.3 at ISO integral points
on the crack.

Finally, an infinite body containing a row of periodic collinear crack-hole structures
is considered in Fig. lO(a). The cracks are of equal size 2a, holes are ofequal radius R, and
crack-hole spacing is d. The plane is subject to a uniform far-field tension. The normalized
stress intensity factor can be expressed as

K) = F(tl, 0, M),

where M is the number (odd) of the cracks and

The variations of Mode-I SIFs of the central crack with the parameter 0 are shown in
Figs 10(b), (c) and (d), for different spacing values, tl = 2, 1 and 1/2, respectively. As

Table 1. Normalized SIFs for a crack surrounded by a square
array of holes

J

A 2 3 4 6 to

0.1 0.668 0.849 0.943 0.981
0.2 0.702 0.872 0.955 0.986
0.3 0.755 0.908 0.974 0.994
0.4 0.027 0.825 0.953 0.996 1.002
0.5 0.069 0.910 1.004 1.020 LOll
0.6 0.126 1.010 1.063 1.047 1.021
0.7 0.203 1.135 1.138 1.082 1.035
0.8 0.315 1.320 1.256 1.146 1.064
0.9 0.528 1.697 1.526 1.322 1.t61

SAS 3O:11-E
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expected, the stress intensity factors increase when the spacing becomes small and the hole
becomes bigger. The sensitivity of the Mode-I SIFs of the central crack to the number of
cracks, M, is pronounced only for the smaller values of M. As M becomes larger, dis­
crepancies in the SIFs of the central crack become very small for increasing values of M,
and the case for an infinite series of periodical collinear hole-erack structures can be
recovered. The numerical results show that M = 11 is sufficient to obtain the stable SIF
values for the infinite series of the periodical collinear hole-erack structures with an error
of less than 3%.

4. CONCLUSIONS

An integral equation approach to modeling interactions among voids (or holes) and
cracks in the context of two-dimensional elastic fracture mechanics has been developed,
based on two types of fundamental solutions, one due to point loads in a solid with a hole
and the other due to point dislocations in an infinite elastic body. The proposed technique
is capable of handling general loading conditions and arbitrary distributions of voids and
cracks. The appropriate three-dimensional fundamental solutions would, of course, be
required for extensions to three-dimensional problems.

The proposed integral equation approach was first verified against several existing
solutions. Various distributions of voids and cracks were considered next to investigate the
effects of void-erack arrangements, relative sizes of voids and cracks, spacings, and crack
orientations on stress amplification and retardation. The present study reveals that very
strong retardation (void toughening) exists in elastic porous media if the voids and cracks
are close enough. Some optimal retardation is also achieved by adjusting the void-erack
geometry parameters.
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Many real-life materials contain a number of defects in the form of voids and cracks.
Several micromechanical models have been proposed to obtain the overall behavior ofsuch
materials. The integral equation proposed here provides an avenue for numerical verification
of those micromechanical models. Work on this and on enhancing numerical efficiency is
currently in progress at The University of Arizona.
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APPENDIX

The fundamental functions in eqns (3) and (4) are given as:

(y 2XfY)
Ixxx(x,y;~) = -2 2" + -.- ,

" "

(X, 2X;y)
Ixyx(x,y;n= -2 2---'- ,

" r,

(
y 2XfY)

Iyyx(x,y;~) = -2 2" - -4- ,
r, r,

(
y 2xiy)

Ixyy(x, y;~) = 2 - 2" + -.- ,
r, r,

(
3X, 2xi)

IyYy(x,y;~) =2 -2 --.- ,
r, r,


